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Why a random fluid 
dynamics?
3
• Take into account unresolved processes (small scales) 
• Physical justification of empirical models 
• Predicting possible distinct scenarios, extreme-events, … 
• Quantification of modeling errors for data assimilation:
 ensemble forecasts
• Randomized dynamics 
• Simulation of the SQG under Moderate Uncertainty 







Advection of tracer Θ
dXt = w(Xt, t)dt+  (Xt, t)dBt
• Stochastic flow:
Advection of tracer Θ






dz  ̆(•, z, t)dBt(z)
with infinite-dimensional Brownian motion
• Stochastic flow:
Advection of tracer Θ






dz  ̆(•, z, t)dBt(z)
with infinite-dimensional Brownian motion
• A tracer is a function conserved along the flow:
Dt⇥(t,Xt)
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= d [⇥(t,Xt)] = 0
Ito-Wentzel formula 
(Kunita 1997)
If both    and     are semimartingales (w.r.t. time)  
and     is twice differentiable w.r.t. space 
Then
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Advection of tracer Θ
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Dt⇥ = 0
Advection of tracer Θ
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Advection of tracer Θ
8
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dz  ̆(•, z, t)dBt(z)
  =?
• Parametric or non-parametric estimation 
• Observations can be: 
Small-scale eulerian velocity 
Small-scale Lagrangian velocity 
 Tracer (solution of the SPDE)












dz r? ̆(•  z)dBt(z) = r? ̆ ⇤ dBt
b̆ (k) = A 1{1<kkk<2}kkk
 ↵
Simulation of the  
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Ensemble
14
Random reduced order model 
from stochastic Navier-Stokes 
equation
15
Why a reduced order 
model?
16
• Physical model (PDE) simplified using observations
• Very fast simulation of very complex system (e.g. for industrial 
application)
What is a reduced order 
model?
PCA on data to reduce the 
state-space dimension







PCA on data to reduce the 
state-space dimension







v = w +  Ḃ
Resolved modes
PCA on data to reduce the 
state-space dimension
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PCA on data to reduce the 
state-space dimension







v = w +  Ḃ




Initial space Reduced subspace
Solution 
coordinates
Dimension d = 2 or 3 x M ~107 n~10
(bi(t))i(wq(xi, t))qi
Assumptions of finite variations for      and 
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dbi = Fi(b)dt
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(inspired by  Genon-Catalot, Laredo, Picard 1992 )









bi(t)d <  (x, t)B, (x, t)B >





dbi = Fi(b)dt+ (↵•idBt)
Tb+ (✓idBt)
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Too complex to 
be computed for 
each time step1 x M M x 1 d x M 
(as a function 
 of space)
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memorizedd x d x M x M























































































































































































































































• Random transport applicable to any fluid dynamics 
models 
• Better small scales 
• Estimate position and amplitude of errors, extreme 
events, likely scenarios 
• Possible applications for your previous and future 
estimation methods (e.g. MLE with                     )
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(⇥(xi, tj))ij
Code SQG MU: 
link from Fluminance website - V. Resseguier
Thank you for your attention
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